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FOREWORD 


The  equation  of  motion  of  the  center  of  mass  coordinates  for  an  electron 
beam  in  the  high  current  betatron  is  investigated.  For  a  small  betatron  field, 
it  is  shown  that  even  for  a  stable  single  particle  orbit  of  beam  electrons,  the 
grad-B  drift  velocity  of  the  center  of  mass  coordinates  can  be  fractional  percents 
of  the  speed  of  light,  thereby  presenting  a  serious  difficulty  in  future 
experiments . 
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INTRODUCTION 

In  recent  years,  there  have  been  numerous  investigations  in  the 

high  current  betatron  accelerators,^-  ^  in  connection  with  generations 

of  intense  high  energy  electron  beams.  In  a  conventional  betatron 

accelerator,  a  toroidal  configuration  of  electrons  is  confined  in  a 

betatron  (or  mirror)  magnetic  field.  As  shown  in  Fig.  la,  in  the 

1  2 

present  high  current  betatron  accelerator,  ’  an  additional  focussing 
magnetic  field  in  the  azimuthal  direction  is  applied,  thereby  considerably 
enhancing  the  current  limitation.  However,  in  the  present  article,  we 
investigate  the  equation  of  motion  of  the  center  of  mass  coordinates 

A 

for  electron  beam,  with  particular  emphasis  on  the  grad-B  drift 
caused  by  the  variation  of  the  azimuthal  magnetic  field  with  the  radial 
coordinate  r. 

As  shown  in  Fig.  la,  the  equilibrium  configuration  consists  of 

a  relativistic  electron  ring  located  at  the  midplane  of  externally 

imposed  mirror  field  B  (r,z)S  +  B  (r,z)§  .  In  addition,  the 

er  -vr  ez  'vz 

applied  azimuthal  magnetic  field  B^e^  with  the  mirror  field  acts  to 

confine  the  ring  both  axially  and  radially.  Here,  er>  e0,  and 

are  the  unit  vectors  along  the  cylindrical  coordinates  r,  6,  and  z, 

respectively.  The  equilibrium  radius  of  the  ring  is  denoted  by  Rq, 

and  the  minor  dimensions  of  the  ring  is  denoted  by  2a  (radial  direction) 

and  2b  (axial  direction).  The  minor  dimensions  of  the  ring  are  much 

smaller  than  its  major  radius  Rq.  The  electron  composing  the  ring 

gyrate  in  the  external  mirror  field  with  azimuthal  velocity  B^c  * 

2  1/2 

(y^  -  1)  c/y^  in  the  positive  8-direction.  The  associated  ring 
current  produces  a  self  magnetic  field  Bg(x),  which  tends  to  compress 
the  minor  dimensions  of  the  ring  both  axially  and  radially.  The  electron 
ring  is  assumed  to  be  partially  neutralized  by  a  positive  ion 
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background  with  a  fractional  charge  neutralization  f.  The  excess 
electrons  forms  the  electrostatic  field  which  tends  to  increase  the 
minor  dimensions  of  the  ring. 

For  the  convenience  of  future  analysis,  we  define  x  ■  r  -  Rq. 

Shown  in  Fig.  lb  is  the  configuration  and  coordinate  system  of  the  minor 
dimension.  The  center  of  mass  coordinates  of  electron  beam  are  denoted 
by  (X,Z).  The  electron  density  profile  is  assumed  to  be 

n£(x,z)  -  n^l  -  (x  -  X)2/a2  -  (z  -  Z)2/b2]  ,  (1) 


where  U(x)  is  the  Heaviside  step  function  and  n^  is  the  electron  density 
at  the  center  of  mass  coordinates  (X.Z).  The  self  electric  and  magnetic 
fields  produced  by  beam  itself  exert  the  transverse  force’’ 

Is  "  -V^0'  ‘  X%  +  “f(2  * 

s  2  s2 

on  the  beam  electrons.  Here  w  and  u  are  the  radial  and  axial 

r  z 

betatron  frequency-squareds  of  the  self  field  defined  by 


u 


s2 

r 


b  2 
a+b  “p 


-a  -  f)3  , 


a) 


s2 

z 


*  2rfl2 

ifb  “p[3b 


a  -  f)]  , 


(3) 


2  2 

and  Up  “  Airn^e  /y^m  is  the  plasma  frequency-squared  for  beam  electrons. 

From  (V  x  -  0,  we  obtain  /3r  ■  -B  /r  and  the  symmetry 
about  the  z  ■  0  plane  implies  (3B  /jz).  ■  0.  Thus,  B  (r,z)  is 

approximated  by 


Bee<r,z>  “  Bee(R0'°>(1  “  x/R0)  ‘ 

Making  use  of  Eqs.  (3)  and  (4),  one  can  obtain  the  transverse 
equations  of  motion 
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x  +  u2(l  -  n)x  +  «S^(x  -  X)  =  w„ (1  -  x/Rr)z  , 

C  IT  U 

0  O 

z  +  u‘nz  +  u/*  (z  -  Z)  =  — ui_  ( 1  -  x/R  )fc  ,  (5) 

c  z  y  u 

for  beam  electrons.  In  Eq.  (5),  n  ■  ~[R../B  (R_ ,0) ] [ (3/3r)B  (r,0)]„ 

u  ez  u  ez  Rq 

is  the  external  field  index  of  the  mirror  field,  dot  (•)  denotes 

the  time  derivative  d/dt,  and  u  =  eB  (Rn,0)/y,mc  and  w.  =  eB  _ (R„ ,0) /y.  me 

c  ez  u  d  o  ey  u  D 

are  the  electron  cyclotron  frequencies  of  the  axial  and  azimuthal 
magnetic  fields,  respectively.  Note  that  in  Eq.  (5),  the  terms  proportional 
to  x/R o  are  contributed  by  the  variation  of  the  azimuthal  magnetic 
field  with  r. 

SINGLE  PARTICLE  ORBIT  IN  EQUILIBRIUM  STATE  WITH  (X,Z)  «  (0,0) 

In  this  case,  Eq.  (5)  can  be  simplified  by 

x  +  <A  -  u0i  -  0  , 

(6) 

2  +  V  +  V  *  0  ’ 

where  *  w^(l  *  n)  +  uiS^  and  *  ui^n  +  are  the  radial  and  axial 
r  c  r  2  c  z 

betatron  frequency-squareds  for  external  and  self  fields.  In  obtaining 

2  2  2 

Eq.  (6),  use  has  been  made  of  the  fact  that  |w*|  £  |u>z|  £  uQ  for  a  high 
current  betatron.  With  the  usual  assumption  that  x  and  z  have  solutions 
of  the  sinusoidal  form 

x  ■  csin(wt  +  a),  z  •  dcos(wt  +  a)  ,  (7) 

it  can  be  shown  that  Eq.  (6)  reduces  to 

d/c  -  -  w^)/u)U)a  ,  (8) 

r  o 


and  the  dispersion  relation 
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,  2  2.  ,  2  2. 

{hi  ~  hi  )  (<*)  -  hi  ) 

T  Z 


2  2 
“e“ 


(9) 


which  gives  the  eigenfrequencies  u  »  defined  by 

0 


: i.2  2  2  2  f .  2  2  2.2  .2  2,1/2 

2(o)^)  ■  0)^  +  o)z  +  o)q  ±  [(u>_  +«„  +  hia)  -  4u)ji)_J  ,  (10) 


0' 


r  z‘ 


where  the  two  sign  (±)  represent  fast  (+)  and  slow  (-)  oscillation 
states.  The  necessary  and  sufficient  condition  for  stable  single 
particle  orbit  is  given  by 


(oi2  + 


u>2  +  «J)  >  2  |a>ru,2| 


2  2  . 
urwz  > 


(ID 


which  is  identical  to  the  previous  result2  obtained  for  the  plasma  betatron. 

CENTER  OF  MASS  ORBIT .  Neglecting  momentum  spread,  Eq.  (5)  can 
be  averaged  over  the  beam  cross  section.  After  some  straightforward 
algebra,  we  obtain  the  transverse  equation  of  motion  for  the  center 
of  mass  coordinates 


X  +  o>2(l  -  n) X  -  wQ[Z  -  (XZ  -  u)ea2Ti/2)/R0]  , 
Z  +  u)2nZ  -  -oig [X  -  X(X  -  webc)/R0]  , 


(12) 


where  n  and  c  are  the  form  factors  of  the  nonlinear  terms  with  order 
unity.  However,  these  form  factors  depend  on  the  oscillation 
state  of  individual  electron  motions. 

As  a  simple  example,  we  consider  the  fast  oscillation  state 
for  single  particle  electron  orbit.  That  is 

x  ■  X  +  csin(<i£t  +  a),  z  *  Z  +  dcos(u>£t  +  a)  .  (13) 


Thus,  after  a  straightforward  algebraic  manipulation,  we  obtain 
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•  •  2  2+’’ 

<xz>  **  XZ  +  a  (w  -  ai,  ")/4iuA 
r  b  8 


(14) 


where  the  bracket  <>  represents  the  average  over  the  beam  cross 
section.  From  Eq.  (14),  we  identify, 

,  +2  2^/o  2 

n  ■  (wb  -  u)r)/2(ioQ  . 


(15) 


Similarly,  the  form  factor  t  is  given  by 
5  *  “  u>2)/3ir<u2  , 


(16) 


for  the  fast  oscillation  state  corresponding  to  Eq.  (13).  In  reality, 
the  single  particle  electron  orbit  is  the  linear  combination  of  the 
fast  and  slow  oscillation  states,  thereby  considerably  complicating 
the  form  factor  determination. 

When  the  betatron  field  is  sufficiently  large,  satisfying  the  ratio 
2  2 

p  =  u^Rg/au^  >>  1,  then  Eq.  (12)  can  be  simplified  by 


*y 

X  +  w  (1  -  n)X  =  u  2  , 

C  0 

”2  • 

Z  +  at  nZ  *  -ii)QX  , 

C  D 


(17) 


which  is  an  identical  form  to  Eq.  (6).  Assuming  that  X  *  S^sinfHt  +  a) 

and  Z  *  £zcos(ftt  +  a),  one  can  show  that  the  general  solution  is  the 

linear  combination  of  the  fast  (+)  and  slow  (-)  oscillation  states  with 

the  eigenfrequency  n  -  flf  defined  by  2(nf)2  *  w2  +  w2  ±  [(w2  +  u2)2  - 

o  ococe 

i  1/9 

4n(l  -  n)u>^]  .  The  center  of  mass  orbit  can  then  be  expressed  as 

X2  +  n2{we/02  -  CI-n)m2]J2Z2  *  5“  ,  (18) 

for  either  fast  or  slow  oscillation  state.  In  this  regard,  we  note 
from  Eq.  (18)  that  the  center  of  mass  orbit  for  the  slow  oscillation 
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state  is  hyperbolic  [n(l  -  n)  <  0]  or  elliptic  [n(l  -  n)  >  0],  depending 
on  the  external  field  index. 

GRAD-3  DRIFT  MOTION  WITH  S?lAi.L  BETATRON  FIELD.  When  the  betatron 
field  is  small,  so  that  the  betatron  focussing  terms  are  less  than  the 
nonlinear  Bg0  terms  (i.e. ,  p  <<  1),  then  Eq.  (12)  can  be  approximated  by 


X  -  w0Z  -  -wQ(XZ  -  wea2n/2)/R0  , 


(19) 


Z  +  (o0X  -  o)QX(X  -  u0bC)/Ro  • 

o 

Equation  (19)  has  been  previously  investigated  by  Ferrari  and  Zucker  for 
the  single  particle  orbit  calculation  in  the  plasma  betatron.  The 
result  is  given  by 


X  -  XQ  +  Sxsin(u)0t  +  a)  +  ... 


(20) 


Z  -  ZQ  +  £xcos(a)0t  +  a)  +■  v^t  +  ...  , 


where  Xq  and  Zq  are  constants  determined  from  the  initial  values, 
the  symbol  (...)  represents  the  higher  order  oscillation  terms  and 

vg  -  -<“e(Sx  +  a2n)/2RQ  ,  (21) 

is  the  grad-B  drift  velocity  in  the  z-direction. 

Even  though  the  single  particle  orbit  of  beam  electrons  in  a  high 
current  beam  is  stable  [see  Eq.  (11)],  the  center  of  mass  coordinates 
exhibits  a  drift  motion  for  a  small  betatron  field.  As  shown  in 
Eq.  (21),  the  grad-B  drift  velocity  can  be  fractional  percents 
of  the  speed  of  light  in  the  present  experimental  parameters  of  a  high 
current  betatron.  However,  in  the  time  varying  betatron  field,  the 
external  focussing  terms  [terms  proportional  to  in  Eq.  (12)] 
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g 

together  with  this  grad-B  drift  motion  give  a  finite  displacement 
of  the  center  of  mass  coordinates  (X,Z)  from  their  equilibrium  values 
(0,0).  In  this  regard,  it  is  required  to  determine  an  appropriate 
time  profile  for  the  betatron  field,  thereby  reasonably  confining  an 
electron  beam  near  its  equilibrium  orbit. 
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FIGURE  1  CONFIGURATION  AND  COORDINATE  SYSTEM. 

(a)  OVERVIEW  AND  (b)  CROSS  SECTION  OF  THE  MINOR  DIMENSION. 
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Dr.  Robert  Johnston  1 

Dr.  Douglas  Keeley  1 

Dr.  John  Siambis  1 

5  Palo  Alto  Square 
Palo  Alto,  CA  94304 


Science  Applications,  Inc. 

Attn:  Dr.  A.  W.  Trivelpiece  1 

San  Diego,  CA  92123 

Science  Applications,  Inc. 

Attn:  Dr.  Ron  Parkinson  1 

1200  Prospect  Street 
P.0.  Box  2351 
La  Jolla,  CA  92038 


Copies 

TRW 

Defense  and  Space  Systems 
Group 

Attn:  Dr.  D.  Arnush  1 

Dr.  M.  Caponi  1 

1  Space  Park 

Redondo  Beach,  CA  90278 


Lawrence  Livermore  National 
Laboratory 

Attn:  Dr.  W.  A.  Barletta  1 

Dr.  R.  Briggs  1 

Dr.  H.  L.  Buchanan  1 

Dr.  Frank  Chambers  1 

Dr.  T.  Fessenden  1 

Dr.  Edward  P.  Lee  1 

Dr.  James  Mark  1 

Dr.  Jon  A.  Masamitsu  1 

Dr.  V.  Kelvin  Neil  1 

Dr.  R.  Post  1 

Dr.  D.  S.  Prono  1 

Dr.  M.  E.  Rensink  1 

Dr.  Simon  S.  Yu  1 

University  of  California 
Livermore,  CA  94550 


Physics  International  Co. 

Attn:  Dr.  Jim  Benford  1 

Dr.  S.  Putnam  l 

2700  Merced  Street 
San  Leandro,  CA  94577 


Sandia  Laboratories 
Attn:  Dr.  K.  D.  Bergeron  1 

Dr.  B.  Epstein  1 

Dr.  S.  Humphries  1 

Dr.  Tom  Lockner  1 

Dr.  Bruce  R.  Miller  1 

Dr.  C.  L.  Olson  1 

Dr.  Gerold  Yonas  1 

Albuquerque,  NM  87115 

La  Jolla  Institute 
Attn:  Dr.  K.  Brueckner  1 

Prof.  N.  M.  Kroll  1 

P.0.  Box  1434 
La  Jolla,  CA  92038 
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Mission  Research  Corp. 

Attn:  Dr.  Neal  Carron  l 

Dr.  Conrad  Longmire  l 

735  State  Street 
Santa  Barbara,  CA  93102 

Mission  Research  Corp. 

Attn:  Dr.  B.  Godfrey  1 

1400  San  Mateo  S.E. 

Suite  A 

Albuquerque,  NM  87108 

McDonnell  Douglas  Corp. 

Attn:  Dr.  M.  Greenspan  1 

Dr.  J.  Carl  Leader  1 

P.  0.  Box  516 
St.  Louis,  M0  63166 

Los  Alamos  National  Lab. 

Attn:  Dr.  Barry  Newberger  1 

Dr.  L.  E.  Thode  1 

Mail  Stop  608 
Los  Alamos,  NM  87544 

Los  Alamos  Scientific  Lab. 

Attn:  Dr.  H.  Dreicer  1 

Dr.  R.  J.  Faehl  1 

Los  Alamos,  NM  87544 

Pulse  Sciences,  Inc. 

Attn:  Dr.  Sid  Putnam  1 

1615  Broadway,  Suite  610 
Oakland,  CA  94612 

National  Science  Foundation 
Attn:  Dr.  R.  Hill 
Physics  Division,  #341 
Washington,  DC  2055 0 

W.  J.  Schafer  Associates, 

Inc . 

Attn:  Dr.  Edward  Cornet  1 

1901  North  Fort  Myer  Dr. 

Arlington,  VA  22209 


Copies 

Austin  Research  Associates 
Attn:  Prof.  W.  E.  Drummond  1 

Dr.  M.  Lee  Sloan  1 

Dr.  James  R.  Thompson  1 

1901  Rutland  Drive 
Austin,  TX  78758 

Western  Research  Corporation 
Attn:  Dr.  Franklin  Felber  1 

8616  Commerce  Avenue 
San  Diego,  CA  92121 

Jaycor 

Attn:  Dr.  J.  U.  Guillory  1 

Dr.  D.  Tidman  1 

205  S.  Whiting  Street 
Alexandria,  VA  22304 

Varian  Associates 

Attn:  Dr.  Howard  Jory  1 

611  Hansen  Way 

Palo  Alto,  CA  94303 


Lawrence  Berkeley  Lab. 

Attn:  Dr.  Denis  Keefe  1 

Dr.  Hogil  Kim  1 

Dr.  Hong  Chul  Kim  1 

Dr.  Kwang  Je  Kim  1 

Dr.  L.  J.  Laslett  1 

Dr.  G.  R.  Lambertson  1 

Dr.  A.  M.  Sessler  1 

Dr.  L.  Smith  1 

1  Cyclotron  Road 
Berkeley,  CA  94720 


Stanford  Linear  Accelerator 
Center 

Attn:  Dr.  Philip  Morton  1 

P .0.  Box  4349 
Stanford,  CA  94305 

AVC0  -  Everett  Research 
Laboratory,  Inc. 

Attn:  Dr.  Richard  Patrick  1 

2385  Revere  Beach  Pkwy 
Everett,  MA  02149 


19 


NSWC  TR  81-383 


DISTRIBUTION  (Cont.) 


Oak  Ridge  National  Lab 

Attn:  Dr.  J.  A.  Rome  1 

Oak  Ridge,  TN  37850 


University  of  California  at 
Los  Angeles 

Attn:  Prof.  F.  Chen  1 

Dr.  A.  T.  Lin  1 

Dr.  J.  Dawson  1 

Dr.  C.  S.  Liu  1 

Dr.  Edward  Ott  1 

Los  Angeles,  CA  90024 

University  of  Maryland 
Attn:  Dr.  W.  Destlar  1 

Dr .  C .  S .  Liu  1 

Dr.  Won  Namkung  1 

Dr.  E.  Ott  1 

Prof.  M.  Reiser  1 

Dr.  Moon-Jhong  Rhee  1 

Dr.  C.  D.  Striffler  1 

College  Park,  MD  20742 

Columbia  University 
Attn:  Prof.  P.  Diament  1 

Prof.  S.  Schlesinger  1 
New  York,  NY  10027 

North  Carolina  State 
University 

Attn:  Prof.  W.  Doggett  1 

Dr.  Jin  Joong  Kim  1 

P.  0.  Box  5342 
Raleigh,  NC  27650 


Massachusetts  Institute  of 
Technology 

Attn:  Prof.  George  Bekefi  1 

Dr.  K.  J.  Button  1 

Prof.  R.  Davidson  1 

Dr.  R.  Temkin  1 

77  Massachusetts  Avenue 
Cambridge,  MA  02139 


University  of  California 
Attn:  Dr.  Gregory  Benford  1 

Dr.  A.  Fisher  1 

Prof.  N.  Rostoker  1 

Physics  Department 
Irvine,  CA  92717 

Yale  University 

Attn:  Dr.  I.  B.  Bernstein  1 

Dr.  J.  L.  Hirshfield  1 

Mason  Laboratory 
400  Temple  Street 
New  Haven,  CT  06520 


Cornell  University 
Attn:  Prof.  H.  Fleischmann  1 

Prof.  D.  Hammer  1 

Prof.  R.  V.  Lovelace  1 

Prof.  J.  Nation  1 

Prof.  R.  Sudan  1 

Ithaca,  NY  14850 


University  of  Texas  at  Austin 
Attn:  Dr.  M.  N.  Rosenbluth  1 
Institute  for  Fusion 
Studies 
RLM  11.218 
Austin,  TX  78712 

Stevens  Institute  of 
Technology 

Attn:  Prof.  George  Schmidt  1 

Physics  Department 
Hoboken,  NJ  07030 

Dartmouth  College 
Attn:  Dr.  John  E.  Walsh  1 

Department  of  Physics 
Hanover,  NH  03755 

Defense  Technical  Information  Center 
Cameron  Station 

Alexandria,  VA  22314  12 
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